Abstract. We consider positive operator semigroups on ordered Banach spaces and study the relation of their long time behaviour to two different domination properties. First, we analyse under which conditions almost periodicity and mean ergodicity of a semigroup T are inherited by other semigroups which are asymptotically dominated by T . Then, we consider semigroups whose orbits asymptotically dominate a positive vector and show that this assumption is often sufficient to conclude strong convergence of the semigroup as time tends to infinity.
Introduction
In this article we consider positive operator semigroups on ordered Banach spaces and study two topics which relate their long time behaviour to what we call asymptotic domination (a notion which is made precise in Definition 2.2.1). Those two topics are:
(1) Almost periodicity and mean ergodicity. Consider two positive operator semigroups T = (T t ) t∈J and S = (S t ) t∈J on an ordered Banach space X (where either J = N 0 or J = [0, ∞)). Assume that the orbit of every positive vector x under S is dominated, up to a "small error", by its orbit under T .
In [15] E. Yu. Emel'yanov and the second author studied unter which hypotheses mean ergodicity and almost periodicity is inherited from T to S. Many results in [15] were shown under the assumption that the positive X + is not only normal, but strongly normal (see [15, Definition 1] ). Yet, K. V. Storozhuk demonstrated in [39] that there exist even finite-dimensional ordered Banach spaces whose cone is normal, but not strongly normal; this solved a problem posed in [15] . It is therefore natural to ask whether the results of [15] still hold for cones which are merely normal. In Section 3 of the present paper we show that this is the case for many of those results; this is achieved by replacing the strong normality of the cone with a general observation about asymptotic domination stated in Lemma 2.2.6.
(2) Lower bound theorems. In Section 4 we consider positive operator semigroups T whose orbits asymptotically dominate a time-independent positive vector h; we show that, in many situations, the existence of such a lower bound h implies strong stability of the semigroup, that means strong convergence of the semigroup as time tends to infinity. The history of such results goes back to a paper of Lasota and Yorke [26] and since then many such lower bound theorems were proved in the literature, some of them on AL-Banach lattices and some on non-commutative L 1 -spaces (see Section 4 for detailed references). We generalise many of those results to a large class of ordered Banach spaces.
Organisation of the paper. In Section 2 we introduce a bit of notation and recall several important concepts from operator theory that we need throughout the article. Moreover, we recall the definition of asymptotic domination and prove a few elementary results for it. The content of Sections 3 and 4 has already been described above. Motivated by the setting discussed in Section 4, we close the paper with an Appendix containing some non-trivial examples of ordered Banach spaces whose norm is additive on the positive cone.
Preliminaries and basic terminology
2.1. Preliminaries. In this subsection we briefly recall some basics from the theory of ordered Banach spaces in order to fix our notation and for later reference (for the general theory of ordered Banach spaces see e. g. [2, 5, 35] ).
Ordered Banach spaces.
By an ordered Banach space we mean a pair (X, X + ) where X is a real Banach space and X + is a proper, closed, and convex cone; more precisely this means that X + is a closed subset of X satisfying X + ∩ (−X + ) = {0}, X + + X + ⊆ X + , and αX + ⊂ X + for all α ∈ [0, ∞). It is called the positive cone, or simply the cone in X. By abuse of notation we often write only X to denote the ordered Banach space (X, X + ). As is customary, we set x ≤ y iff y − x ∈ X + ; the relation ≤ is a partial order on X which is compatible with addition and multiplication by nonnegative scalars due to the properties of X + . For each x ∈ X we have x ∈ X + iff x ≥ 0, and in this case we call x positive. For x, y ∈ X we write x < y if x ≤ y but x = y. We define the order interval [x, y] = {z ∈ X : x ≤ z ≤ y} for all x, y ∈ X. Whenever it is necessary to stress that an order interval [x, y] is defined in the ordered Banach space X, we write more precisely [x, y] X instead of [x, y] . For all x ∈ X, we define d + (x) = inf{ x − y : y ∈ X + } (2.1)
to be the distance of x to the positive cone X + . Note that, if X is a Banach lattice or the self-adjoint part of the predual of a von Neumann algebra, then d + (x) = x − for each x ∈ X. On every ordered Banach space X the function d + : X → [0, ∞) has a couple of useful properties which we list in the following proposition. Proof. Property (a) follows from the fact that αX + ⊆ X + for all α ∈ [0, ∞), and property (b) follows from the fact that X + + X + ⊆ X + . Assertion (c) is in fact true for the distance to an arbitrary set in X, and not only for the distance to X + ; as the proof of this is elementary, we omit the details.
The cone X + is called generating if X + − X + = X holds. Having a generating cone is a very weak condition which is met by most of the ordered Banach spaces that one usually encounters. The cone is called normal if the order interval [x, y] is norm bounded for all x, y ∈ X. The class of ordered Banach spaces having a normal cone is still sufficiently large to contain a wealth of important examples. For instance, each of the following ordered Banach spaces possesses have a generating and normal cone: all Banach lattices; the self-adjoint part of every C * -algebra; the dual and the pre-dual of the self-adjoint part of every von Neumann algebra. In particular, non-commutative L 1 -spaces with respect to a semi-finite trace belong to the list of examples since they are preduals of semi-finite von Neumann algebras, see [40, p. 320] .
If the positive cone of an ordered Banach space X is generating, than there exists a constant C > 0 such that every x ∈ X can be decomposed as x = y − z for two vectors y, z ∈ X + fulfilling y , z ≤ C x . The positive cone in the ordered Banach space X is normal if and only if there exists an equivalent norm on X which is monotone, meaning that x ≤ y for all x, y ∈ X fulfilling 0 ≤ x ≤ y; Duality and positive operators. We denote the space of all bounded linear operators between two Banach spaces X and Y by L(X; Y ) and we abbreviate L(X) := L(X; X). The dual space of a Banach space X is denoted by X ′ . For all x ∈ X and x ′ ∈ X ′ we use the notation x ′ , x := x ′ (x). Let X, Y be two ordered Banach spaces. A linear operator T : X → Y is called positive, T ≥ 0 for short, if T (X + ) ⊆ Y + . In case that the positive cone in X is generating, every positive linear operator T : X → Y is automatically bounded; see e.g. [4, Theorem 2.8] or [2, Corollary 2.33] . The set of all positive operators T ∈ L(X; Y ) is denoted by L(X; Y ) + and, again, we abbreviate L(X) + := L(X; X) + . If x ∈ X and T ∈ L(X) + , then we have
Throughout, we endow R with the positive cone R + := [0, ∞) which renders it an ordered Banach space. By the terminology introduced above, a linear mapping ϕ : X → R is positive iff ϕ(x) ≥ 0 for all x ∈ X + . In case that X + is generating in X, every such ϕ is automatically continuous by the previous paragraph. We define X ′ + := {x ′ ∈ X ′ : x ′ is positive} and, for every x ′ ∈ X ′ , we write
• (the polar of −X in X ′ , see e.g. [35, Chapter V]), hence X ′ + is a closed convex cone. If X + is generating in X, or more generally if X + − X + is dense in X, then X ′ + is proper and normal so X ′ becomes an ordered Banach space with respect to the cone X ′ + . In the following proposition we collect two useful observations on duality and positivity; we denote the dual operator of a bounded linear operator T between two Banach spaces by T ′ . 
In assertion (b) of this proposition we use the notation T ′ ≥ 0 to indicate that 
• (where • denotes the polar with respect to the duality (X, X ′ )). The implication "⇒" in (b) is obvious and the implication "⇐" follows from (a).
Corollary 2.1.3. Let X be an ordered Banach space.
(a) For each x ∈ X \ {0} there exists a positive functional
Proof. (a) Assume that x ′ , x = 0 for each positive x ′ ∈ X ′ . By Proposition 2.1.2 (a) this implies that x ≥ 0 and −x ≥ 0, so x = 0.
(b) This is an immediate consequence of (a). Theorem 2.42 ], so the bi-dual cone X ′′ + is even generating in X ′′ . The evaluation map j : X ֒→ X ′′ is bipositive, meaning that j(x) ≥ 0 if and only if x ≥ 0; this follows from Proposition 2.1.2(a). We may thus consider X as a subspace of X ′′ by means of evaluation without violating the order structure on those spaces.
Projection bands in the bidual. In several occasions in Section 4 we will consider ordered Banach spaces who behave, in a sense, similarly to so-called KB-Banach lattices. To introduce such a concept for general order Banach spaces, we need a bit of preparation. Let X be an ordered Banach space with generating cone. We call a projection P ∈ L(X) a band projection if both P and its complementary projection id X −P are positive. A projection P ∈ L(X) is a band projection if and only if 0 ≤ P x ≤ x for all x ∈ X + . Proposition 2.1.4. Let X be an ordered Banach space with generating cone and let P, Q ∈ L(X) be two band projections with the same range. Then P = Q.
Proof. We first show that Qx = 0 for every 0 ≤ x ∈ ker P . Indeed, for such a vector x we have 0 ≤ Qx ≤ x and thus, as P acts as the identity on the range of Q,
Hence, Qx = 0. Now we argue that this implies ker P ⊆ ker Q. In fact, we only have to note that every vector in ker P is a linear combination of two positive vectors in ker P since X + is generating in X and since ker P is the range of the positive projection id X −P . Since our assumptions on P and Q are symmetric, we conclude that also ker Q ⊆ ker P , so P and Q do not only have the same range, but also the same kernel. This proves P = Q, as claimed.
As a consequence of the preceding proposition, a vector subspace V of X can only be the range of at most one band projection P ∈ L(X); in this case, we call P the band projection onto V . Now we can define the following class of ordered Banach spaces that we mentioned above.
Definition 2.1.5. Let X be an ordered Banach space with generating and normal cone and consider X as a subspace of its bidual X ′′ by means of evaluation. We say that X is a projection band in its bidual if there exists a band projection P ∈ L(X ′′ ) with range X.
A Banach lattice X is a projection band in its bi-dual if and only if every normbounded increasing sequence (equivalently: net) in X converges in norm; such spaces are called KB-spaces; [30 Proof. Let P ∈ L(X ′′ ) be the band projection onto X and let Q := id X ′′ −P denote the complementary projection. Let x, y ∈ X. We first note that [x, y] X = [x, y] X ′′ . Indeed, the inclusion "⊆" is obvious and, conversely, every
′′ with respect to the weak * -topology, it is compact with respect to the weak topology in X.
Operator semigroups. Let X be a Banach space and let either J = N 0 := {0, 1, 2, ..} or J = [0, ∞). We call a family T = (T t ) t∈J of bounded linear operators on X a semigroup -or, more precisely, a one-parameter operator semigroup -on X if T 0 = id X and T s+t = T s T t for all s, t ∈ J. The semigroup T is called bounded if sup t∈J T t < ∞. We call T (weakly) almost periodic in case that the set {T t : t ∈ J} is relatively compact in L(E) with respect to the strong (weak) operator topology. Every almost periodic semigroup is weakly almost periodic and every weakly almost periodic semigroup is bounded by the uniform boundedness principle. A vector x ∈ X is called a fixed point or a fixed vector of T if T t x = x for all t ∈ J; the subspace of X consisting of all fixed points of T is called the fixed space Fix(T ) of T . In case that X is an ordered Banach space, we call the semigroup T positive if T t is a positive operator for every t ∈ T . If J = [0, ∞) and the mapping J ∋ t → T t ∈ L(X) is strongly continuous, then T is called a C 0 -semigroup. Now, let T = (T t ) t∈J be a semigroup on a Banach space X and assume that T is a C 0 -semigroup in case that J = [0, ∞). For each t ∈ J \ {0} we denote by A t (T ) the t-th Cesàro mean of T , i.e. A t (T ) = 1 t t−1 k=0 T k for each t ∈ N := {1, 2, 3, . . . } in case that J = N 0 , and A t (T ) = 1 t t 0 T s ds for each t ∈ (0, ∞) in case that J = [0, ∞) (where the integral is to be understood in the strong sense). The semigroup T is called mean ergodic if A t (T ) converges strongly as t → ∞. If T is weakly almost periodic, then it is mean ergodic. An operator T ∈ L(X) is called mean ergodic if the semigroup (T n ) n∈N0 is mean ergodic. The semigroup T is called Cesàro bounded if the net (A t (T )) t∈J\{0} of its Cesàro means is bounded with respect to the operator norm, and an operator T is called Cesàro bounded if the semigroup (T n ) n∈N0 is so. For a detailed treatment of all these notions we refer for instance to the monographs [24, 17, 13, 9] .
2.2. Basic terminology: asymptotic domination. As pointed out in the introduction, the present paper deals with the interplay between the long term behaviour of positive semigroups and the concept of asymptotic domination. In this section we collect several basic results about this property, the most important one being certainly Lemma 2.2.6. Let us begin by recalling the definition of asymptotic domination, both for vector-valued and for operator-valued functions.
Definition 2.2.1. Let J be a subset of R which is not bounded above and let X be an ordered Banach space.
(a) Let f, g : J → X + be two mappings. We say that g dominates f asymptotically or that f is asymptotically dominated by g if lim t→∞ d + (g(t) − f (t)) = 0. We denote this property by g a f or by f a g. (b) Let S, T : J → L(X) + be two mappings. We say that T dominates S asymptotically or that S is asymptotically dominated by T if the mapping t → T (t)x dominates the mapping t → S(t)x asymptotically for all x ∈ X + . We denote this property by S a T or by T a S. (c) Two mappings f, g : J → X + are called asymptotically equivalent, which we denote by f ≃ a g, if f a g and g a f . Likewise, we call two mappings S, T : J → L(X) + asymptotically equivalent, also denoted by S ≃ a T , if S a T and T a S.
We are mainly interested in the case where J is one of the two sets [0, ∞) and N 0 . When we consider Cesàro means of semigroups, the cases J = N and J = (0, ∞) will also occur. Yet, the particular choice of J is not important for any of the basic properties of asymptotic domination that we consider in this section.
It is sometimes convenient to use the following convention: if f, g : J → X + are mappings and x ∈ X + is a fixed vector, then we shall write x a f or f a x to say that f is asymptotically dominated by the constant function with value x; the notations g a x and g a x are defined similarly. Likewise, we use the notations P a T or T a P and S a P or P a S for functions T , S : J → L(X) + and for a fixed operator P ∈ L(X) + .
The following elementary characterisation of asymptotic domination is quite useful and we will often employ it tacitly. It is taken from [13 (ii) There exists a function r : J → X + satisfying lim t→∞ r(t) = 0 and f (t) ≤ g(t) + r(t) for all t ∈ J.
Proof. If (ii) is fulfilled, then
as t → ∞, so (i) holds; note that this implication does not depend on the assumption that X + be generating. Now, assume on the other hand that (i) is fulfilled. For every t ∈ J there exists a vector u(t)
Let the constant C > 0 be as in (2.2). For every t ∈ J we can hence decompose the
−t . The function r := z thus fulfils the properties in (ii).
We are mainly interested in asymptotic domination between two mappings S, T : J → L(X) + in the special case where S and T are positive operator semigroups. Before we give some examples where this phenomenon occurs, we prove a few simple facts for the relations a and ≃ a . 
Proof. This follows at once from Proposition 2.2.2.
Before proceeding with the theory, let us give a few simple examples of operator semigroups S and T where asymptotic domination (and, in fact, even equivalence) occurs: Example 2.2.4. Let X = R 2 be endowed with its usual order and let A ∈ R
2×2
by given by
given by
for all t ≥ 0, defines a doubly stochastic semigroup on R 2 ; in fact, it is not difficult to see that all doubly stochastic C 0 -semigroups on R 2 are of this form. If α > 0, then the matrix S α (t) converges to
as t → ∞. This implies that, for all values α, β > 0, the functions S α and S β are asymptotically equivalent. Yet, for α = β, we neither have S α (t) ≥ S β (t) nor S α (t) ≤ S β (t) for any time t > 0.
The subsequent examples constitute, in a sense, more general versions of Example 2.2.4. Examples 2.2.5. Let J = N 0 or J = [0, ∞) and let X be an ordered Banach space.
(a) Let S, T : J → L(X) be two positive semigroups on X for which the strong operator limits lim t→∞ S(t) and lim t→∞ T (t) exist and coincide. Then S and T are asymptotically equivalent.
(b) Let T : J → L(X) be a positive semigroup on X which converges strongly as t → ∞ and let α, β > 0. Let us define T α (t) = T (αt) and T β (t) = T (βt) for all t ∈ J. Since the strong operator limits of T α (t) and T β (t) for t → ∞ exist and coincide, it follows from (a) that T α and T β are asymptotically equivalent.
In Section 3 we prove that several properties concerning the long term behaviour of operator semigroups are inherited via domination. The key to many of those results is the following simple, but very useful lemma.
Lemma 2.2.6. Let J be a subset of R which is not bounded above, let X be an ordered Banach space and consider two mappings f, g : J → X + . If f a g, then we can find a strictly increasing sequence (t k ) k∈N0 ⊆ J converging to ∞ and a vector
Proof. Since f a g, Proposition 2.2.2 yields a mapping r : J → X + which fulfils lim t→∞ r(t) = 0 and f (t) ≤ g(t)+r(t) for all t ∈ J. Now, choose a strictly increasing sequence (t k ) k∈N0 ⊆ J which converges to ∞ and which fulfils r(t k ) ≤ 1 2 k for all k ∈ N 0 . Setting q := k∈N0 r(t k ), we obtain the assertion.
We point out that the terminology of asymptotic domination can, of course, also be generalised to directed sets J instead of subsets of R. However, the above Lemma 2.2.6 generalises to this setting only if there exists a cofinal countable set in J. The following consequence of Lemma 2.2.6 will be very useful in section 3. Proof. According to Lemma 2.2.6 we can find a subsequence (f (n k )) k∈N0 of (f (n)) n∈N0 which is contained in an order interval in X. This clearly implies assertion (b), and it also implies assertion (a) due to the Eberlein-Šmulian theorem [8, Theorem V.6.1] or [35, Corollary 2 in Paragraph IV.11.1]).
3. Long term behaviour of asymptotically dominated semigroups 3.1. Almost periodicity via asymptotic domination. Consider two positive operator semigroups T and S on an ordered Banach space X and assume that T asymptotically dominates S. This subsection is concerned with the question whether almost periodicity of the dominating semigroup T is inherited by the dominated semigroup S. In case that X is a Banach lattice with order continuous norm the answer to this question is "yes" (under appropriate technical assumptions) as shown in [11, Theorem 4.3] . If X is a general ordered Banach space, say with generating and normal cone, than the situation seems to be more involved. One can, for instance, consider socalled uniformly order convex spaces (cf. [11, Definition 2.1]). This class contains the spaces with additive norm on the positive cone and the spaces whose norm is uniformly convex (cf. [11, Example 2.2]). It was shown in [11, Corollary 3.4] that, on such spaces, a version of almost periodicity (so-called strong asymptotic compactness, cf. [11, the beginning of Section 3]) is inherited by asymotically dominated semigroups in case that the dominating semigroup is contractive. The question thus arises what happens if the dominating semigroup is not contractive but only bounded or if the underlying Banach space is not uniformly order convex. A result in this direction was given in [15, Theorem 15] in the following setting: the space X is now assumed to be ideally ordered, meaning that every order interval in X is weakly compact and that the positive cone X + is strongly normal, i.e. that the mapping
is continous (mere normality of the cone is equivalent to the continuity of this mapping at the point (0, 0)). Examples of ideally ordered Banach spaces include preduals of von Neumann algebras and the space of all self-adjoint compact linear operators on a given Hilbert space (cf. [15, p. 12] ); in fact, all order intervals in the latter space are even compact. If a positive, time-discrete and almost periodic semigroup T on an ideally ordered Banach space asymptotically dominates a positive semigroup S, then it is shown in [15, Theorem 15] that S is at least weakly almost periodic; if all order intervals X are even norm compact, then S is even almost periodic.
In the following theorem we generalise this result in that we remove the condition of strong normality of the positive cone. Note that the assumption that all order intervals be weakly compact is for instance fulfilled in every reflexive Banach space ordered by a normal cone; an important example for such a space is the selfadjoint part of a noncommutative L p -space (1 < p < ∞) with respect to a semi-finite trace. Other examples are AL-Banach lattices and preduals of von Neumann algebra since they are projection bands in their bi-dual, see Proposition 2.1.6.
Proof of Theorem 3.1.1. Let x ∈ X + be given and consider an arbitrary sequence (y n ) n∈N0 = (S tn x) n ∈ N 0 in the orbit {S t x| t ∈ J}. We show that a subsequence of (y n ) n∈N0 converges with respect to the weak topology in case (a) and with respect to the norm topology in case (b).
If (t n ) n∈N0 is bounded, it possesses a norm convergent subsequence since the set {S t x| t ∈ [0, t 0 ] ∩ J} is compact for every t 0 ≥ 0 (here we need strong continuity of S in case that J = [0, ∞)). So assume that the sequence (t n ) n∈N0 is unbounded. After passing to a subsequence, we may then assume that t n → ∞. Passing once again to a subsequence, we may thus assume that the sequence (T tn x) n∈N0 is norm convergent in X. Since the mapping n → S tn x is asymptotically dominated by the mapping n → T tn x, we conclude that n → S tn x is in fact asymptotically dominated by the constant vector y := lim n→∞ T tn x. Hence, the assertion follows from Corollary 2.2.7.
As is well known, every weakly almost periodic semigroup admits a so-called Jacobs-deLeeuw-Glicksberg decomposition; see for instance [24 
Proof. It follows from Theorem 3.1.1 that S is weakly almost periodic and thus admissible for the Jacobs-de Leeuw-Glicksberg decomposition. The construction of this decomposition together with the asymptotic domination implies that P T ≥ P S . Moreover, P S ≥ 0 by the positivity of S. Finally, the rank estimate follows from [13, Proposition 2.1.3].
3.2. Mean ergodic theorems. In this subsection we prove mean ergodic theorems for positive operators on ordered Banach spaces with weakly compact order intervals. The assertion of our first result, Theorem 3.2.1, is not directly related to asymptotic domination; however, the concept of asymptotic domination occurs in its proof.
Recall that it might happen that a positive operator T on a Banach lattice is mean ergodic, while not all the powers of T are mean ergodic. Indeed, Sine [37] constructed an example of a Koopman operator T on the space of continuous functions on a certain compact Hausdorff space such that T is mean ergodic, while T 2 is not; further counterexamples can be found in [10] and in [21] . However, the situation changes if we require additional regularity properties from the space X. If, for instance, X is a Banach lattice with order continuous norm and T ∈ L(E) is positive and mean ergodic, then T r is indeed mean ergodic for every r ∈ N. This was proved by Derriennic and Krengel in [6, Proposition 4.5]. In [15, Theorem 12] this result was generalised to ideally ordered Banach spaces. In the next theorem we show that it is actually true on every ordered Banach space with weakly compact order intervals. Proof. First note that the positive cone X + is normal since every order interval is weakly compact. Define T := (T n ) n∈N0 . Since T is mean ergodic, the sequence (A n (T )) n∈N converges strongly to a positive projection P . Moreover, lim n→∞ n −1 T n = 0 holds with respect to the strong operator topology. The Cesàro means of the semigroup S := (T rn ) n∈N0 fulfil the estimate
for each n ∈ N. This implies that the operator T r is Cesàro bounded (since the cone X + is normal and generating) and that the sequence (A n (S)) n∈N is asymptotically dominated by the operator r · P .
Hence, it follows from Corollary 2.2.7 that, for every x ≥ 0, the sequence (A n (S)x) n∈N has a weakly convergent subsequence. Since n −1 T rn = r rn T rn we conclude the n −1 T rn converges strongly to 0 as n → ∞, so the assertion follows from Eberlein's ergodic theorem (see [13, Theorem 1.1.7] or [9, Theorem 8.20] ).
The remaing results in this section deal with the question how mean ergodicity interacts with asymptotic domination. To prove those results, we need the following elementary lemma. .
Proof. The case of J = N 0 follows immediately from the subadditivity of the functional d + , so assume that J = [0, ∞). Then the subadditivity together with the continuity of d + implies
for each t ∈ (0, ∞). This yields the assertion since lim s→∞ d + (f (s) − g(s)) = 0 by assumption.
Consider a positive operator T on a Banach lattice E and assume that T is power order bounded, meaning that, for each x ∈ E, the orbit {T n x : n ∈ N 0 } is contained in an order interval of E. If E has order continuous norm, then it is not difficult to see that T is mean ergodic. Next, we generalise this observation in several respects. A positive semigroup T = (T t ) t∈J on E is called asymptotically order bounded if, for every x ∈ X + , there exists a vector y ∈ X + which asymptotically dominates the orbit mapping J ∋ t → T t x ∈ X.
Observe that, if X + is generating and normal, every positive semigroup on X which is asymptotically ordered bounded is automatically bounded due to the uniform boundedness principle. Proof. Since every order intervall in X is weakly compact, it follows that the positive cone on X is normal and hence, the semigroup T is bounded.
Let x ∈ X + . By assumption there exists a vector y ∈ X + which asymptotically dominates the orbit (T t x) t∈J . Then (A t (T )x) t∈J\{0} is asymptotically dominated by y according to Lemma Finally, we consider the question whether mean ergodicity of a semigroup T is inherited by a semigroup S which is asymptotically dominated by T . Previous results on this question were given by Arendt and Batty on Banach lattices with order continuous norm [3, Theorem 1.1] (where they assumed domination instead of asymptotic domination) and by Emel'yanov and the second author for time discrete semigroups (J = N 0 ) on an ordered Banach space with strongly normal cone and weakly compact order intervals [15, Theorem 14] ; see also [13, Theorem 2.1.11]. A similar result was proved for dominated C 0 -semigroups on the same kind of ordered Banach spaces [13, Theorem 2.1.12]. The following theorem shows that neither strong normality of the cone nor the restriction to purely dominated semigroups is needed for this result. 
In both cases (a) and (b) the corresponding mean ergodic projections P S and P T satisfy 0 ≤ P S ≤ P T and hence rank P S ≤ rank P T .
For the proof we use the following observation which can be checked by a few straightforward computations: if T = (T (t)) t∈[0,∞) is a mean ergodic C 0 -semigroup on a Banach space X, then
for all x ∈ X and all s > 0.
Proof of Theorem 3.2.6. First note that it follows from the uniform boundedness principle that the cone X + in X is normal. Fix x ∈ X + . It follows from Lemma 3.2.2 and Corollary 2.2.7(a) that the net (A t (S)x) t∈J\{0} possesses a weakly convergent subsequence.
(a) Let J = N 0 . Since T is ergodic, T n /n converges strongly to 0 as n → ∞. As (S n x) n∈N0 is asymptotically dominated by (T n x) n∈N0 , it follows that (S n /n)x → 0 as n → ∞ and that S is Cesàro bounded (by Lemma
(b) Let J = [0, ∞). It follows from (3.1) that the net (T t /t) t∈[1,∞) converges pointwise to 0 on a dense subset of X. Since the net is bounded by assumption, it thus converges strongly to 0 on the entire space X. Hence, (S t /t) t∈[1,∞) converges strongly to 0, too; since S is Cesàro bounded by Lemma 3.2.2, the assertion again follows from Eberlein's ergodic theorem [13, Theorem 1.1.7] .
(c) Clearly, 0 ≤ P S ≤ P T . The rank estimate thus follows from [13, Proposition 2.1.3].
In part (b) of the above theorem, the assumption that (T t /t) t∈(0,∞) be bounded follows automatically from the mean ergodicity of T in case that the norm on X is additive on the positive cone (see Subsection 4.2 and the appendix for details about such spaces). Indeed, we have the following result: Proposition 3.2.7. Let X be an ordered Banach space with generating cone and assume that the norm is additive on the positive cone, meaning that x + y = x + y for all x, y ∈ X + . Let T = (T t ) t∈[0,∞) be a positive and mean ergodic C 0 -semigroup on X. Then (T t /t) t∈[1,∞) is bounded (and hence, T t /t → 0 as t → ∞ with respect to the strong operator topology).
Proof. It suffices to prove that sup t≥1 1/t · T (t)x < ∞ for all x ∈ X + , so assume for a contradiction that there exists a vector x ∈ X + for which we have sup t≥1 1/t · T (t)x = ∞. We define M := sup t∈[0,1] T (t) < ∞. By applying (3.1) for s = 1 we can find a number t 0 > 0 such that
for all t > t 0 . Since sup t∈[1,t0+1] 1/t· T (t)x < ∞, it follows from sup t≥1 1/t T (t)x = ∞ that there exists a time t 1 > t 0 + 1 for which we have 1/t 1 · T (t 1 )x > M .
We now set t := t 1 − 1 > t 0 and apply (3.2) . Using that the norm is additive on X + , we obtain
Hence, there exists a number τ ∈ [t 1 − 1, t 1 ] such that 1/t 1 · T (τ )x ≤ 1 and thus,
This is a contradiction.
Lower bound theorems
4.1. Introduction. In the previous chapter we proved theorems about the asymptotic behaviour of positive semigroups under the assumption that they are asymptotically dominated by another semigroup. In the present chapter we change our perspective and assume instead that the semigroup orbits asymptotically dominate a time-independent vector, called lower bound, and conclude that roughly spoken the semigroup converges. More precisely we make the following definition:
t∈J on a Banach space X is called strongly convergent if, for every x ∈ X, the limit lim t→∞ T t x exists with respect to the norm topology on X.
Remark 4.1.2. If a semigroup T = (T t ) t∈J is strongly convergent, then its limit operator is always a projection which commutes with all operators T t and which we denote by P T .
It was first observed by Lasota and Yorke that the existence of non-zero lower bounds implies strong stability for Markov semigroups on We note that all the results quoted above are formulated in the setting of L 1 -spaces (or, from a more abstract point of view, on AL-Banach lattices). The reason is that, on a Banach lattice X and under mild technical assumptions, the existence of an operator which possesses a lower bound implies that the space is an ALspace with respect to an equivalent norm [20, Theorem 3.7] . There are, however, some results available in the more general setting of non-commutative L 1 -spaces, see [1, 33, 16] ; we refer also to [13, Section 3.3] for an overview of the latter topic.
In Subsection 4.4 we prove convergence theorems for semigroups possessing a lower bound on general ordered Banach space whose norm is additive on the positive cone. We start with a brief discussion of those spaces in Subsection 4.2 (see also the appendix where several non-trivial examples of such spaces are presented). In the subsequent two subsections we present our convergence results.
It is worthwhile noting that there is a lower bound type theorem of Soca la [38, Theorem 1] that also works on general ordered Banach spaces, but whose assumptions differ considerably from ours.
AN-spaces (Spaces with additive norm).
The norm on an ordered Banach space X is said to be additive on the positive cone -or, for short, additive on X + -if x + y = x + y for all x, y ∈ X + . Definition 4.2.1. We call an ordered Banach space (X, X + ) an AN-space if the positive cone X + is generating and if the norm is additive on X + .
Note that the positive cone of an AN-space is normal since an additive norm is monotone.
A Banach lattice whose norm is additive on the positive cone is called an ALBanach lattice or, for short, an AL-space. Every L 1 -space over an arbitrary measure space is an AL-space and conversely, every AL-space is (isometrically lattice) isomorphic to an L 1 -space. Typical examples of AN-spaces which are not AL-Banach lattices are preduals of von Neumann algebras or noncommutative L 1 -spaces. Several further examples are presented in Appendix A.
Let X be an AN-space. We note that X is called a base norm space if it fulfils, in addition, the equation
for all x ∈ X. We can always endow a given AN-space X with an equivalent norm · 1 which agrees with the given norm on X + (and hence is still additive on X + ) and which renders X a base norm space; more precisely, we have the following proposition: Proof. Simply define x 1 to be the right hand side of (4.1) for every x ∈ X. Then it is easy to check that · 1 is an equivalent norm on X which fulfils both properties (a) and (b).
For more information about base norm space norm spaces we refer, for instance, to [31] and [5, Section 1.4].
Let X be an AN-space. Then there exists a uniquely determined functional 1 ∈ X ′ + that fulfils 1, x = x for all x ∈ X + ; we call 1 the norm functional on X. Let us collect a few properties of the norm functional in the following proposition. 
Proof. (a) The inequality 1 ≥ 1 is obvious as X = {0} and hence X + = {0}. On the other hand, we can decompose every x ∈ X as x = y − z for some y, z ∈ X + and it thus follows from the inverse triangle inequality that
′ , x ≥ 0 for all x ∈ X + , so 1 ≥ x ′ . By applying this to −x ′ , we also obtain −1 ≤ x ′ . (c) The assertion is obvious if X = {0}, so assume X = {0}. Let x ′′ ∈ X ′′ + . Since 1 = 1, it follows that x ′′ ≥ x ′′ , 1 . If, on the other hand, x ′ ∈ X ′ has norm at most 1, then it follows from (b) that −1 ≤ x ′ ≤ 1. Thus,
The rather simple structure theory of AL-Banach lattices should not tempt us into believing that AN-spaces are similarly well-behaved. In Appendix A we present a variety of example which demonstrate that AN-spaces may have rather disparate regularity properties. This topic is also related to regularity properties of so-called KB-spaces which we discuss in the following remark. (i) Every increasing norm bounded sequence in X is norm convergent.
(ii) The space X is a projection band in its bidual. Note that every KB-space X has order continuous norm and hence, every order interval in such a space X is weakly compact. We also point out that it is easy to see that every AL-Banach lattice is a KB-space.
Let us now discuss what happens to the equivalence "(i) ⇔ (ii)" if X is only an ordered Banach space with generating and normal cone (note that assertion (ii) only makes sense if X + is generating and normal).
The implication "(ii) ⇒ (i)" remains true. Indeed, let (x j ) be an increasing norm-bounded sequence (or net) in X. Then (x j ) converges to an element x ′′ ∈ X ′′ with respect to the weak * -topology. If (ii) holds and P ∈ L(X ′′ ) denotes the band projection onto X, one immediately checks that P x ′′ = x ′′ ; hence, x := x ′′ is in fact an element of X and (x j ) converges weakly to x. This implies (i) since every increasing and weakly convergent net is automatically norm convergent [35, Theorem V.4.3] .
By contrast, the implication "(i) ⇒ (ii)" fails in general. Indeed, there exist AN-spaces for which not every order interval is weakly compact (see for instance Remark A.3 in the appendix). Such a space X cannot be a projection band in its bi-dual according to Proposition 2.1.6; yet, it is easy to see that every increasing norm bounded sequence in an AN-space is norm convergent.
4.3.
Individual and universal lower bounds. In the remaining part of the article we derive convergence theorems for positive operator semigroups from the existence of so-called lower bounds which are defined as follows. Definition 4.3.1. Let X be an ordered Banach space and let T = (T t ) t∈J be a positive one-parameter semigroup on X (where J = N 0 or J = [0, ∞)).
(i) Let f ∈ X + be of norm 1
. A vector h > 0 is called an (individual) lower bound for the pair (T , f ) if h is asymptotically dominated by (T t f ) t∈J . (ii) A vector h > 0 is called a universal lower bound for T if it is a lower bound
for the pair (T , f ) for each f ∈ X + of norm 1. For the rest of this definition we assume that T is a C 0 -semigroup in case that J = [0, ∞).
(iii) Let f ∈ X + be of norm 1
. A vector h > 0 is called an (individual) mean lower bound for the pair (T , f ) if h is asymptotically dominated by (A t (T )f ) t∈J . (iv) A vector h > 0 is called a universal mean lower bound for T if it is a mean
lower bound for the pair (T , f ) for each f ∈ X + of norm 1.
If the semigroup T is clear from the context we say h f is a lower bound for f , and so on.
Universal lower bounds on L 1 -spaces were introduced by Lasota and Yorke in [26] in order to study the Perron-Frobenius operator associated with certain dynamical systems. They derived strong convergence of the semigroup from the existence of such a lower bound. Individual lower bounds were first considered by Ding [7] for semigroups of Perron-Frobenius operators. Ding's results can for instance be employed in the study of certain mixing properties of dynamical systems, see [19, Section 2] . Individual lower bounds for more general positive semigroups on ALBanach lattices were in the focus of a recent paper [20] by Gerlach and the first of the present authors. On AL-Banach lattices mean lower bounds were for instance considered in [12] and on preduals of von Neumann algebras they were studied in [16] . In the rest of this article we will generalise several results about lower bounds of semigroups from AL-Banach lattices and preduals of von Neumann algebras to general AN-spaces.
The following remark, which shows that the existence of lower bounds is consistent with renorming arguments, will be used tacitly on several occasions in the sequel:
(a) Let X be an ordered Banach space and let T = (T t ) t∈J be a positive one-parameter semigroup on X (where J = N 0 or J = [0, ∞)). Assume that, for every f ∈ X + of norm 1, there exists a (mean) lower bound h f ∈ X + of (T , f ) such that inf{
This assumptions remains true whenever we endow X with an equivalent norm. The proof of this observation is elementary, so we omit it.
(b) A similar observation is also true for universal (mean) lower bounds.
We now recall the notion of a Markov operator which is essential for our approach. Note that a Markov semigroup on an AN-space X is automatically bounded; this is a consequence of the decomposition property in (2.2). If X is even a base norm space, then every Markov semigroup is actually contractive.
Our first goal is to show in Proposition 4.3.5 that the existence of (mean) lower bounds for a semigroup T makes it possible to renorm the underlying space X such that X becomes a base norm space and such that T becomes a Markov semigroup. We start with the following simple lemma: 
Then · ψ is a seminorm which is additive on the positive cone which satisfies f ψ ≤ 2C ψ f , where C is the constant from the decomposition property in (2.2) .
If, moreover, inf ψ, f : f ∈ X + , f = 1 > 0, then the seminorm · ψ is actually a norm which is equivalent to the original norm on X and (X, · ψ ) is base-norm space.
Proof. The proof is straightforward, so we omit the details.
We will need a few facts about Banach limits which we recall next. Let either
, f for all f ∈ E and all u ∈ J, where S u denotes the left shift operator on E given by (S u f )(t) = f (u + t) for all f ∈ E and all t ∈ J. Note that there exists a Banach lattice on ℓ ∞ (J) since J is a commutative semigroup and thus amenable (see e.g. [28, p. 178] ). As a consequence of the definition of a Banach limit, we have b, f = lim t→∞ f (t) for all f ∈ ℓ ∞ (J) for which this limit exists. Then it is easy to see that ψ is invariant under T , i.e. we have T ′ t ψ = ψ for all t ∈ J. Moreover, it follows fro the assumption on ψ and from the definition of a mean lower bound that ψ, f ≥ γ for each f ∈ X + of norm 1. Hence, the seminorm · ψ from Lemma 4.3.4 is, according to the lemma, a an equivalent norm on X and (X, · ψ ) is a base norm space. It follows from the T -invariance of ψ that the semigroup T is Markov with respect to · ψ .
(a) If J = N 0 or if J = [0, ∞) and T is strongly continuous, every lower bound of (T , f ) is also a mean lower bound of (T , f ); thus, the assertion follows from (b) in those cases. If J = [0, ∞) and T is not strongly continuous, we can argue similarly as in the proof of (b); we only have to replace the vector ϕ, A t (T )g t∈J in the definition of ψ with ϕ, T t g t∈J . In case that X is a Banach lattice, the above results were implicitly contained in the proofs of Corollaries 3.5 and 4.5 of [20] .
4.4.
Individual lower bounds and strong convergence. Let us now proceed towards our goal to prove convergence results for positive operator semigroups in case that they admit certain lower bounds. Our results, in particular Theorem 4.4.5 and Corollary 4.4.6, substantially generalise results for AL-Banach lattices that were recently obtain by M. Gerlach and the first author [19] as well as a result of Ayupov, Sarymsakov and Grabarnik which was proved in [1] for universal lower bounds on the predual of a von Neumann algebra (see also [13, Theorem 3.3.6, Theorem 3.3.17]).
In our first result of this type, Theorem 4.4.1, we consider the special case where the lower bounds are, at the same time, fixed points of the semigroup. (i) The semigroup T is strongly convergent and the limit operator P fulfils P f ≥ γ f for a number γ > 0 and all f ∈ X + . (ii) For every f ∈ X + of norm 1 we can find a lower bound h f ∈ X + of (T , f ) which is a fixed point of T and for which we have inf{
For the proof of the non-trivial implication in Theorem 4.4.1 we borrow an essential idea from the proof of [20, Theorem 4.4] . However, the proof of the latter result cannot be completely transferred to our situation since, at some steps, it heavily uses the lattice structure of the underlying space. As our space does not need to be a lattice, we thus need some new arguments.
The following observation which is, in a sense, a particularly neat version of Proposition 2.2.2, will come in handy in the proof of Theorem 4.4.1.
Remark 4.4.2.
Assume that X is a base norm space and let ε > 0. If a vector f ∈ X fulfils d + (f ) < ε, then we can find vectors g, e ∈ X + such that f = g − e and e < ε.
Proof. There exists a vector u ∈ X + such that f − u < ε and by formula (4.1) we can find d, e ∈ X + for which we have d + e < ε and f − u = d − e. Hence, f = u + d − e, so the assertion follows with g := u + d.
Proof of Theorem 4.4.1. The implication "(i) ⇒ (ii)" is obvious. For the converse implication "(ii) ⇒ (i)" it suffices to prove that (ii) implies strong convergence of the semigroup. Set β := inf{ h f : f ∈ X + , f = 1} > 0. We proceed in three steps.
(1) According to Corollary 4.3.6 we may assume that X is even a base norm space, meaning that the norm fulfils the equality (4.1); we may also assume throughout the proof that T is a Markov semigroup.
(2) Let ε > 0 and let f ∈ X + be of norm f = 1. We show that there exists a vector h f,ε ∈ X + such that h f,ε ≥ 1 and such that lim sup
To this end, first note that h f ≤ 1; this follows from Proposition 2.2.2 and from the fact that T t f = 1 for all t ∈ J. Hence the number δ := 1 − h f is nonnegative. Let us construct an increasing sequence (h n ) n∈N0 ⊆ E + of fixed points of T which fulfils the following two properties: (a) For each n ∈ N 0 we have
We choose h 0 := h f , which clearly fulfils (a) and (b) and which is a fixed point of T be assumption. Assume now that, for some n ∈ N 0 , the vector h n has already been constructed. If h n ≥ 1, then we simply define h n+1 := h n , which clearly fulfils (a) and (b). If h n < 1, then we proceed as follows. According to property (b), there exists a time t 0 ∈ J such that d + (T t0 f − h n ) < ε. Remark 4.4.2 thus implies the existence of vectors g n , e n ∈ X + which fulfil e n < ε and T t0 f − h n = g n − e n . Note that we have g n + h n = g n + h n = T t0 f + e n ≥ T t0 f = 1, so g n ≥ 1 − h n > 0. We define a n := g n · h gn/ gn and h n+1 := h n + a n . As a n and h n are fixed points of T , so is h n+1 . We have to show that h n+1 fulfils (a) and (b). Observe that
for the last inequality we used that β ≤ 1, which follows from the fact that the vector h f has norm at most 1. Hence, h n+1 fulfils (a). To see (b), we let s ∈ J and compute that
(where we used for the first equality that h n is a fixed point of T ) and hence,
as s → ∞. Therefore, we have lim sup t→∞ d + (T t f − h n+1 ) ≤ e n < ε, i.e. h n+1 fulfils (b). Now, as we have the sequence (h n ) n∈N0 available, it is easy to obtain a vector h f,ε with the properties that we claimed above. Indeed, note that we have h n < 1 + ε for each n ∈ N 0 ; this follows from property (b) and from Remark 4.4.2 above. Since the sequence (h n ) n∈N0 ⊆ X + is increasing and norm-bounded it is, as the norm is additive on X + , a Cauchy sequence; thus it converges to a vector h f,ε ∈ X + . We conclude from (a) that h f,ε has norm at least 1 and from (b) that lim sup t→∞ d + (T t f − h f,ε ) ≤ ε as claimed.
(3) Now, consider a vector f ∈ X + of norm f = 1. We show that the net (T t f ) t∈J is a Cauchy net in X and hence convergent; this implies the assertion. So, let ε > 0. By what we have shown above, there exists a time t 0 ∈ J such that d + (T t f − h f,ε ) < 2ε for all t ≥ t 0 . Fix t ≥ t 0 . According to Remark 4.4.2 we can decompose T t f − h f,ε as
where g, e ∈ X + and where e < 2ε. Hence, we have T t f + e = h f,ε + g and therefore, 1 + 2ε > 1 + e = T t f + e = h f,ε + g ≥ 1 + g , which proves that g < 2ε, too. We conclude that T t f − h f,ε = g − e < 4ε. Since t ≥ t 0 was arbitrary we obtain T t f − T s f < 8ε for all t, s ≥ t 0 . This proves that (T t f ) t∈J is indeed a Cauchy net, as claimed.
The assumption in Theorem 4.4.1 that the lower bounds h f be fixed points is, of course, a bit peculiar. The easiest way to overcome it is to require that the semigroup is mean ergodic: 
Proof. By Proposition 4.2.2 and Corollary 4.3.6 we can assume that X is a base norm space and that T is a Markov semigroup. By hypothesis (ii) the net (A t (T )h f ) t>0 converges to a T -invariant vector g f ∈ X + . Since all A t (T ) are Markov operators, we have g f ≥ β. Moreover, g f is a lower bound for (T , f ) as the set of all lower bounds for (T , f ) is T -invariant (as a consequence of formula (2.3)), convex and closed. Now the assertion follows from Theorem 4.4.1
In the subsequent Theorem 4.4.5 we give a deeper sufficient condition in order to get rid of the assumption that every lower bound h f be a fixed point of T . For its proof we need also the following lemma: Lemma 4.4.4. Let X be an AN-space which is a projection band in its bi-dual X ′′ . Let T = (T t ) t∈N0 = (T n ) n∈N0 be a semigroup of Markov operators and let f ∈ X + be a vector of norm 1.
If h f ∈ X + is a (mean) lower bound of (T , f ), then there also exists a (mean) lower bound g f ∈ X + of (T , f ) which is a fixed point of T and which fulfils g f = h f .
Proof. We consider X as a subspace of its bidual X ′′ by means of evaluation. The sequence of Cesàro means (A t (T )f ) t∈N has a subnet which converges with respect to the weak * -topology on X ′′ (i.e. the topology on X ′′ which is induced by X ′ ) to a fixed point x ′′ ∈ X ′′ + of the bi-dual semigroup T ′′ := (T ′′ t ) t∈N0 . One readily checks that x ′′ ≥ h f . Now, let P ∈ L(X ′′ ) be the band projection onto X. Then we have 0 < h f = P h f ≤ P x ′′ =: y, i.e. h f is contained in the order interval [0, y] in X. On the other hand, we have T t y = P T ′′ t P x ′′ ≤ P T ′′ t x ′′ = P x ′′ = y for all t ∈ N 0 , so the order interval [0, y] in X is invariant under the action of T . Thus, the orbit of h f under T is contained in [0, y]. Since [0, y] is weakly compact according to Proposition 2.1.6, we conclude from the mean ergodic theorem (see e.g. [13, Theorem 1.1.7] ) that the sequence of Cesàro means (A t (T )h f ) t∈N converges in norm to a fixed point g f ∈ X + of T . Note that g f = h f since the semigroup T consists of Markov operators. Moreover, the set of all (mean) lower bounds for (T , f ) is easily checked to be T -invariant, convex and norm closed. Thus, g f is a (mean) lower bound of (T , f ). (i) For every f ∈ X + of norm 1 there exists a lower bound
The space X is a projection band in its bi-dual. Then T is strongly convergent.
We point out that the condition inf{ h f : f ∈ X + , f = 1} > 0 in hypothesis (i) of the above theorem cannot be dropped, in general -even if X is an If T is strongly convergent and if the limit operator P T := lim t→∞ T t fulfils P T f ≥ β f for a number β > 0 and all f ∈ X + , then S is also strongly convergent.
Note that the assumption P T f ≥ γ f for all f ∈ X + in the above corollary is automatically fulfilled for γ = 1 if T is a Markov semigroup. To derive Proof. Let 1 ∈ X ′ denote the norm functional on X. Since f a x, Proposition 2.2.2 shows that there exists a mapping r : J → X + satisfying lim t→∞ r(t) = 0 as well as x ≤ f (t) + r(t) for all t ∈ J. This inequality implies lim inf t→∞ f (t) ≥ x = 1, hence lim t→∞ f (t) = x . Using again that f (t) + r(t) − x is positive, we obtain
as t → ∞. This proves the assertion.
Proof of Corollary 4.4.8. For each f ∈ X + of norm 1 the vector P T f is a lower bound for (T , f ) and thus also for (S, f ). Moreover, we have inf{ P f : f ∈ X + , f = 1} ≥ β > 0. According to Corollary 4.3.6 we may thus endow X with an equivalent norm · 1 such that (X, · 1 ) becomes a base norm space and such that S becomes a Markov semigroup with respect to · 1 .
Of course we have P T f 1 ≥γ f 1 for a constantγ > 0 and for all f ∈ X + . Moreover, P T f is also a lower bound for (T , f ) and (S, f ) with respect to the norm · 1 for each f ∈ X + which satisfies f 1 = 1. Now, fix f ∈ X + such that f 1 = 1. Clearly, P T f is a fixed point of T . Now we show that it is also of fixed point of S: the net (S t P T f ) t∈J asymptotically dominates the constant net (T t P T f ) t∈J = (P T f ) t∈J . Since S is a Markov semigroup with respect to · 1 we have S t P T f 1 = P T f 1 for all t ∈ J, so it follows from Lemma 4.4.9 that S t P T f converges to P T f as t → ∞. Hence, P T f is a fixed point of S.
Hence, the assertion follows from the implication "(ii) ⇒ (i)" in Theorem 4.4.1.
4.5.
Universal lower bounds and strong convergence. Let us now consider the case where the lower bound h of (T , f ) is universal. We start with a technical lemma: If we set ϕ 5 = 1 − ϕ 4 , then ϕ 5 has exactly the same properties that we have just listed for ϕ 4 . We have ϕ 4 , h + ϕ 5 , h = h > 0, hence one of the summands does not vanish. Without loss of generality we may thus assume that δ := ϕ 4 , h > 0.
For all t ∈ J we have T ′ t ϕ 4 = ϕ 4 ; for x ∈ X + and t > 0 this yields ϕ 4 , x = ϕ 4 , A s (T )x and hence
Thus ϕ 4 ≥ δ1, which is a contradiction.
(b) By Yosida's ergodic theorem (see [13, Theorem 1.1.9] for the time discrete case; the time continuous case is similar) the space N (T ) coincides with the annihilator of Fix(T ′ ), which in turn equals the kernel of 1 by (a).
With the aid of this lemma we obtain another interesting consequence of Theorem 4.4.5 Proof. According to Corollary 4.3.7 we may assume that X is an AN-space (even a base norm space). We first prove that T is strongly convergent.
If ( Finally we have to show that the strong limit P T := lim t→∞ T t has rank 1. Note that P T = lim n→∞ T n , so the range of the dual projection P ′ T coincides with the fixed space of the semigroup T ′ 1 := (T ′ n ) n∈N0 . Since h > 0 is a universal lower bound for the semigroup (T n ) n∈N0 , it is also a universal mean lower bound for the same semigroup; it thus follows from Lemma 4.5.1(a) that the fixed space of T If there exists a universal mean lower bound h > 0 of T and if T has a non-zero fixed point, then T is mean ergodic and the corresponding mean ergodic projection has rank 1.
Proof. Let x ∈ Fix(T ) \ {0}. Since x = A t (T )x does not converge to 0 as t → ∞, it follows from Lemma 4.5.1(b) that x is not contained in ker (1) . Therefore, 1, x = 0 and thus Fix(T ) separates the span of 1, which is in turn equal to Fix(T ′ ) by Lemma 4.5.1(a). Hence, T is mean ergodic As is already well-known the assumption in Theorem 4.5.4 that T possesses a non-zero fixed point is redundant in each of the following two cases:
• X is an AL-Banach lattice (see see e.g. [12, Theorem 5] Proof. According to Corollary 4.3.7 we may assume that X is a base norm space and that T is a Markov semigroup.
(a) Let f ∈ X + be a vector of norm 1. We apply the Cesàro means A t (T ) to f and consider the net (A t (T )f ) t∈J in the bi-dual space X ′′ . This net has a subnet which converges to a vector f Since T is a Markov semigroup and since the norm is additive on X + , this implies that actually T t P f ′′ 0 = P f ′′ 0 for all t ∈ J, so P f ′′ 0 is a non-zero fixed vector of T . Hence, the assertion follows from Theorem 4.5.4.
The remainder follows from the fact that AL-Banach lattices as well as pre-duals of von Neumman algebras are projection bands in their bidual.
(b) Let f ∈ X + \ {0}. Then a subnet of (A t (T )f ) t∈J converges to a vector f 0 ∈ X + with respect to the weak * -topology. As T has a mean lower bound we have f 0 > 0. Moreover, f 0 is a fixed point of T since each operator T t is weak * -weak * continuous. Thus, the assertion follows again from Theorem 4.5.4.
It is an interesting question whether the assumption in Theorem 4.5.4 that T possess a non-zero fixed point can be completely dropped:
Open Problem 4.5.6. Does Theorem 4.5.4 remain true if we do not a priori assume that the fixed space of T is non-zero? If not, does the theorem remain true without this assumption at least in case that every order interval in X is weakly compact? has non-empty interior. Hence, [0, 2x] contains a closed ball B of strictly positive radius. Since [0, 2x] is weakly compact, so is B. Hence, X is reflexive. Propositions A.1 and A.2 have the following interesting consequence:
Remark A.3. Let X be a non-reflexive Banach space; we endow X with a centred cone X +,u ′ ,u and with the norm · 1 from Proposition A.1. Then X is an ANspaces according to this proposition, but it follows from Proposition A.2 that not every order interval in X is weakly compact. In particular, X cannot be a projection band in its bi-dual according to Proposition 2.1.6. This is a remarkable contrast to the Banach lattice case, since every AL-Banach lattice is a projection band in its dual.
In view of the results in Section 3, ordered Banach spaces with weakly compact order intervals are of particular interest. AL-Banach lattices and more generally pre-duals of von Neumann-algebras have this property. Naturally, the question arises whether one can find further examples of AN-spaces in which the order intervals are weakly compact. Trivial examples of such spaces are given by direct sums of AL-Banach lattices with reflexive spaces that are endowed with a centred cone (and an appropriate norm, see Proposition A.1). Let us close this appendix with a less trivial example; our construction takes the positive cone in an AL-Banach lattice and makes it somewhat smaller.
Example A.4. Let X be an AL-Banach lattice with positive cone X + and let dim X ≥ 3. Take ϕ ∈ X ′ such that ϕ + , ϕ − = 0 (note that X ′ is also a Banach lattice, so ϕ + and ϕ − are well-defined). Set K = {x ∈ X + : ϕ, x ≥ 0} = {x ∈ X + : ϕ + , x ≥ ϕ − , x }.
Then K is a closed, convex and proper cone. We denote the order on X with respect to the original cone X + by ≤, while we denote the order with respect to the new cone K by ≤ K .
Let us now show that the new cone K is also generating. Consider F = {x ∈ X : |x| ∧ |y| = 0 for all y ∈ X satisfying ϕ + , |y| = 0}, where ∧ denotes the infimum with respect to the original order ≤ on X. The set F is a non-zero band in X and the functional ϕ + is strictly positive on F while ϕ − vanishes on F . Hence F + ⊂ K. Choose y ∈ F + such that ϕ + , y = 1; then ϕ − , y = 0 holds. For each x ∈ X we have
Hence, K is indeed generating in X.
Next we note that the order intervals on X with respect to ≤ K are contained in the order intervals with respect to ≤. Indeed, for all x, y ∈ X we have Hence, all order intervals with respect to ≤ K are weakly compact. Clearly, the norm is additive on K, as it is additive on the larger cone X + .
Finally, we show that (X, K) is not a lattice if dim F ≥ 2. Let P be the band projection onto F , and set Q := I − P ; we have P, Q = 0 since ϕ + , ϕ − = 0. Choose v ∈ F + = P X + with ϕ + , v = 1 as well as w ∈ QX + with ϕ − , w = 1 and define u = −v + w.
Let U be the set of all upper bounds of 0 and u with respect to the order ≤ K . A vector y ∈ X is contained in U if and only if the following three conditions are fulfilled:
(i) y ≥ 0 and y ≥ u, (ii) ϕ + , y ≥ ϕ − , y , (iii) ϕ + , y − u ≥ ϕ − , y − u . Now we note that condition (i) is equivalent to y ≥ 0 ∨ u (where ∨ denotes the supremum with respect to the order ≤); since the vector 0 ∨ u equals w, condition (i) is fulfilled if and only if y ≥ w. Moreover, condition (iii) is equivalent to ϕ + , y ≥ ϕ − , y − 2; hence, condition (iii) is automatically fulfilled in case that (ii) is fulfilled.
Summing up, we conclude that y ∈ U if and only if y ≥ w and ϕ + , y ≥ ϕ − , y , which is in turn fulfilled if and only if y ≥ w and ϕ + , y ≥ ϕ − , y ≥ 1 (since ϕ − , w = 1).
Define U 1 = {y ≥ 0 : ϕ + , y = 1, Qy = w}. Then U 1 ⊆ U . Moreover, every element y 1 ∈ U 1 is minimal in U with respect to the order ≤ K . Indeed, let y 1 ∈ U 1 and let y 0 ∈ U such that y 0 ≤ K y 1 . Then, in particular, y 0 ≤ y 1 . Hence we have Qy 0 ≤ Qy 1 but, on the other hand, Qy 1 = w = Qw ≤ Qy 0 , so Qy 0 = Qy 1 . Moreover, we have P y 0 ≤ P y 1 and thus ϕ + , P y 0 ≤ ϕ + , P y 1 but, on the other hand, ϕ + , P y 1 = ϕ + , y 1 = 1 ≤ ϕ + , y 0 = ϕ + , P y 0 , so actually ϕ + , P y 0 = ϕ + , P y 1 . Since ϕ + is strictly positive on F = P X, we conclude that P y 0 = P y 1 . We have thus proved that y 0 = y 1 .
Therefore, U 1 consists of minimal upper bounds of {0, u} with respect to ≤ K . However, one readily checks that U 1 has more than one element if dim F ≥ 2. Our assertion is proved.
Note that, if X is infinite dimensional in the above example, then the examples yields an AN-space with weakly compact order intervals which is neither reflexive nor a lattice.
